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Setup



Anticommutative variables

Consider three variables θ1, θ2, θ3 which anticommute with each other:

θiθj = −θjθi , in particular θ2
i = 0.

Such variables appear naturally in calculus of several variables, exterior algebras etc.

For S = C[x1, x2, x3, y1, y2, y3], we work with

S [θ1, θ2, θ3] = S ⊕
⊕
i

S · θi ⊕
⊕
i<j

S · θiθj ⊕ S · θ1θ2θ3.
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Differential operators

Adjoin differential operators ∂1, ∂2, ∂3 subject to:

θiθj = −θjθi , ∂i∂j = −∂j∂i , ∂iθj = −θj∂i + δij

Example. ∂1θ1 = 1− θ1∂1.

Hence ∂1θ1 is itself a differential operator, and it acts on the left of θ1 as zero (because θ2
1 = 0).

The full operator algebra is generated by polynomials in θi , ∂i .
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The two operators



The objects of main interest

Let gij , fij , ḡij , f̄ij be polynomials in the ζk ’s. Define two operators of degree 3 in θ1θ2θ3:

eηρ (θ1θ2θ3) = θ1θ2θ3 − g11θ2θ3∂1 + g12θ1θ3∂1 − g13θ1θ2∂1

+ g22θ1θ3∂2 − g23θ1θ2∂2 − g33θ1θ2∂3 − f12θ3 + f13θ2 − f23θ1

− g22g11θ3∂2∂1 + g23g11θ2∂2∂1 + g33g11θ2∂3∂1 + f23g11∂1

− g23g12θ1∂2∂1 − g33g12θ1∂3∂1 − f13g12∂1 + g22g13θ1∂2∂1 + f12g13∂1

− g22g33θ1∂3∂2 − f13g22∂2 + f12g23∂2 + f12g33∂3 + g33g22g11∂3∂2∂1 (2.14)

e
η
ρ−1 (θ1θ2θ3) = θ1θ2θ3 − ḡ11θ2θ3∂1 + ḡ12θ1θ3∂1 − ḡ13θ1θ2∂1

+ ḡ22θ1θ3∂2 − ḡ23θ1θ2∂2 − ḡ33θ1θ2∂3 − f̄12θ3 + f̄13θ2 − f̄23θ1

− ḡ22ḡ11θ3∂2∂1 + ḡ23ḡ11θ2∂2∂1 + ḡ33ḡ11θ2∂3∂1 + f̄23ḡ11∂1

− ḡ23ḡ12θ1∂2∂1 − ḡ33ḡ12θ1∂3∂1 − f̄13ḡ12∂1 + ḡ22ḡ13θ1∂2∂1 + f̄12ḡ13∂1

− ḡ22ḡ33θ1∂3∂2 − f̄13ḡ22∂2 + f̄12ḡ23∂2 + f̄12ḡ33∂3 + ḡ33ḡ22ḡ11∂3∂2∂1 (2.15)

We are interested in the product of (2.14) and (2.15) due to its relevance in G -Frobenius

algebra structure (emerging as a mirror to the G -covering of a symplectic manifold.)
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The product: operator-by-operator expansion

The product is a long sum of monomials of the form

(coefficient in g , f , ḡ , f̄ ) · O

for various operators O ∈ {θI∂J}.

After computer-algebra simplification, the product expands as 32 blocks indexed by operators

O:

θ1θ2θ3∂1, θ1θ2θ3∂2, . . . , θ2θ3, θ1θ2, . . . , 1, ∂i∂j .

We list the coefficient of each O as a polynomial in gij , fij , ḡij , f̄ij .
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Code used: generate.js — formal product of (2.14) and (2.15) (1/2)

1 const A = [
2 { c: "", o: "\\theta_1\\theta_2

\\theta_3" },
3 { c: "- g_{11}", o: "\\theta_2

\\theta_3\\partial_1" },
4 { c: "+ g_{12}", o: "\\theta_1

\\theta_3\\partial_1" },
5 { c: "- g_{13}", o: "\\theta_1

\\theta_2\\partial_1" },
6 { c: "+ g_{22}", o: "\\theta_1

\\theta_3\\partial_2" },
7 { c: "- g_{23}", o: "\\theta_1

\\theta_2\\partial_2" },
8 { c: "- g_{33}", o: "\\theta_1

\\theta_2\\partial_3" },
9 { c: "- f_{12}", o: "\\theta_3"

},
10 { c: "+ f_{13}", o: "\\theta_2"

},
11 { c: "- f_{23}", o: "\\theta_1"

},
12 { c: "- g_{22}g_{11}", o: "\\

theta_3\\partial_2\\partial_1" },
13 { c: "+ g_{23}g_{11}", o: "\\

theta_2\\partial_2\\partial_1" },
14 { c: "+ g_{33}g_{11}", o: "\\

theta_2\\partial_3\\partial_1" },
15 { c: "+ f_{23}g_{11}", o: "\\

partial_1" },
16 { c: "- g_{23}g_{12}", o: "\\

theta_1\\partial_2\\partial_1" },
17 { c: "- g_{33}g_{12}", o: "\\

theta_1\\partial_3\\partial_1" },
18 { c: "- f_{13}g_{12}", o: "\\

partial_1" },
19 { c: "+ g_{22}g_{13}", o: "\\

theta_1\\partial_2\\partial_1" },
20 { c: "+ f_{12}g_{13}", o: "\\

partial_1" },
21 { c: "- g_{22}g_{33}", o: "\\

theta_1\\partial_3\\partial_2" },
22 { c: "- f_{13}g_{22}", o: "\\

partial_2" },
23 { c: "+ f_{12}g_{23}", o: "\\

partial_2" },
24 { c: "+ f_{12}g_{33}", o: "\\

partial_3" },
25 { c: "+ g_{33}g_{22}g_{11}", o:

"\\partial_3\\partial_2\\partial_1" }
26 ];
27

28 const B = [
29 { c: "", o: "\\theta_1\\theta_2

\\theta_3" },
30 { c: "- \\bar{g}_{11}", o: "\\

theta_2\\theta_3\\partial_1" },
31 { c: "+ \\bar{g}_{12}", o: "\\

theta_1\\theta_3\\partial_1" },
32 { c: "- \\bar{g}_{13}", o: "\\

theta_1\\theta_2\\partial_1" },
33 { c: "+ \\bar{g}_{22}", o: "\\

theta_1\\theta_3\\partial_2" },
34

34 { c: "- \\bar{g}_{23}", o: "\\
theta_1\\theta_2\\partial_2" },

35 { c: "- \\bar{g}_{33}", o: "\\
theta_1\\theta_2\\partial_3" },

36 { c: "- \\bar{f}_{12}", o: "\\
theta_3" },

37 { c: "+ \\bar{f}_{13}", o: "\\
theta_2" },

38 { c: "- \\bar{f}_{23}", o: "\\
theta_1" },

39 { c: "- \\bar{g}_{22}\\bar{g}_
{11}", o: "\\theta_3\\partial_2\\partial_1" },

40 { c: "+ \\bar{g}_{23}\\bar{g}_
{11}", o: "\\theta_2\\partial_2\\partial_1" },

41 { c: "+ \\bar{g}_{33}\\bar{g}_
{11}", o: "\\theta_2\\partial_3\\partial_1" },

42 { c: "+ \\bar{f}_{23}\\bar{g}_
{11}", o: "\\partial_1" },

43 { c: "- \\bar{g}_{23}\\bar{g}_
{12}", o: "\\theta_1\\partial_2\\partial_1" },

44 { c: "- \\bar{g}_{33}\\bar{g}_
{12}", o: "\\theta_1\\partial_3\\partial_1" },

45 { c: "- \\bar{f}_{13}\\bar{g}_
{12}", o: "\\partial_1" },

46 { c: "+ \\bar{g}_{22}\\bar{g}_
{13}", o: "\\theta_1\\partial_2\\partial_1" },

47 { c: "+ \\bar{f}_{12}\\bar{g}_
{13}", o: "\\partial_1" },

48 { c: "- \\bar{g}_{22}\\bar{g}_
{33}", o: "\\theta_1\\partial_3\\partial_2" },

49 { c: "- \\bar{f}_{13}\\bar{g}_
{22}", o: "\\partial_2" },

50 { c: "+ \\bar{f}_{12}\\bar{g}_
{23}", o: "\\partial_2" },

51 { c: "+ \\bar{f}_{12}\\bar{g}_
{33}", o: "\\partial_3" },

52 { c: "+ \\bar{g}_{33}\\bar{g}_
{22}\\bar{g}_{11}", o: "\\partial_3\\partial_2\\partial_1" }

53 ];
54

55 let terms = [];
56 for (let i = 0; i < A.length; i

++) {
57 for (let j = 0; j < B.

length; j++) {
58 let cA = A[i].c

.replace(/ /g, ’’);
59
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Code used: generate.js — formal product of (2.14) and (2.15) (2/2)

59 let cB = B[j].c
.replace(/ /g, ’’);

60

61 let sign = ’+’;
62 if (cA.

startsWith(’-’) && cB.startsWith(’-’)) {
63 sign =

’+’;
64 cA = cA

.substring(1);
65 cB = cB

.substring(1);
66 } else if (cA.

startsWith(’-’) && cB.startsWith(’+’)) {
67 sign =

’-’;
68 cA = cA

.substring(1);
69 cB = cB

.substring(1);
70 } else if (cA.

startsWith(’+’) && cB.startsWith(’-’)) {
71 sign =

’-’;
72 cA = cA

.substring(1);
73 cB = cB

.substring(1);
74 } else if (cA.

startsWith(’-’) && cB === ’’) {
75 sign =

’-’;
76 cA = cA

.substring(1);
77 } else if (cA.

startsWith(’+’) && cB === ’’) {
78 sign =

’+’;
79 cA = cA

.substring(1);
80 } else if (cA

=== ’’ && cB.startsWith(’-’)) {
81 sign =

’-’;
82 cB = cB

.substring(1);
83 } else if (cA

=== ’’ && cB.startsWith(’+’)) {
84 sign =

’+’;
85 cB = cB

.substring(1);
86 } else {
87 if (cA.

startsWith(’+’)) cA = cA.substring(1);
88 if (cB.

startsWith(’+’)) cB = cB.substring(1);
89 }
90

91 let coeff = cA
+ cB;

92

92 if (coeff === ’
’) coeff = ’’;

93

94 let op = A[i].o
+ B[j].o;

95

96 terms.push({
sign, coeff, op });

97 }
98 }
99

100 let latex = "&= ";
101 let currentLine = "";
102 for (let i = 0; i < terms.

length; i++) {
103 let termStr = "";
104 if (i === 0 && terms[i

].sign === ’+’) {
105 termStr = terms

[i].coeff + terms[i].op;
106 } else {
107 termStr = terms

[i].sign + " " + terms[i].coeff + terms[i].op;
108 }
109

110 if (currentLine.length
+ termStr.length > 100) {

111 latex +=
currentLine + " \\\\\\\\\n&\\quad ";

112 currentLine =
termStr + " ";

113 } else {
114 currentLine +=

termStr + " ";
115 }
116 }
117 latex += currentLine;
118

119 import fs from ’fs’;
120 fs.writeFileSync(’output.txt’,

latex);
121 fs.writeFileSync(’src/terms.

json’, JSON.stringify(terms, null, 2));
122
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Code used: simplify.js — normal ordering and collecting terms (1/3)

1 import fs from ’fs’;
2

3 const terms = JSON.parse(fs.
readFileSync(’src/terms.json’, ’utf8’));

4

5 function parseOp(opStr) {
6 const tokens = [];
7 let i = 0;
8 while (i < opStr.length

) {
9 if (opStr.

startsWith(’\\theta_’, i)) {
10 tokens.

push(opStr.substring(i, i + 8));
11 i += 8;
12 } else if (

opStr.startsWith(’\\partial_’, i)) {
13 tokens.

push(opStr.substring(i, i + 10));
14 i +=

10;
15 } else {
16 i++;
17 }
18 }
19 return tokens;
20 }
21

22 function simplifyTokens(tokens)
{

23 let results = [{ sign:
1, tokens: [...tokens] }];

24 let changed = true;
25

26 while (changed) {
27 changed = false

;
28 let newResults

= [];
29 for (let res of

results) {
30 let

found = false;
31 for (

let i = 0; i < res.tokens.length - 1; i++) {
32

let tA = res.tokens[i];
33

let tB = res.tokens[i+1];
34

34

35

if (tA.startsWith(’\\partial_’) && tB.startsWith(’\\
theta_’)) {

36

let idx1 = tA.substring(9);
37

let idx2 = tB.substring(7);
38

39

if (idx1 === idx2) {
40

let t1 = [...res.tokens];
41

t1.splice(i, 2);
42

newResults.push({ sign: res.sign, tokens
: t1 });

43

44

let t2 = [...res.tokens];
45

t2[i] = tB;
46

t2[i+1] = tA;
47

newResults.push({ sign: -res.sign,
tokens: t2 });

48

} else {
49

let t2 = [...res.tokens];
50

t2[i] = tB;
51

t2[i+1] = tA;
52

newResults.push({ sign: -res.sign,
tokens: t2 });

53

}
54

found = true;
55

changed = true;
56

break;
57

} else if (tA.startsWith(’\\theta_’) && tB.startsWith(’
\\theta_’)) {

58

let idx1 = parseInt(tA.substring(7));
59

let idx2 = parseInt(tB.substring(7));
60

if (idx1 > idx2) {
61

let t2 = [...res.tokens];
62

t2[i] = tB;
63

t2[i+1] = tA;
64

newResults.push({ sign: -res.sign,
tokens: t2 });

65

found = true;
66
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Code used: simplify.js — normal ordering and collecting terms (2/3)

66

changed = true;
67

break;
68

} else if (idx1 === idx2) {
69

// zero
70

found = true;
71

changed = true;
72

break;
73

}
74

} else if (tA.startsWith(’\\partial_’) && tB.startsWith(
’\\partial_’)) {

75

let idx1 = parseInt(tA.substring(9));
76

let idx2 = parseInt(tB.substring(9));
77

if (idx1 > idx2) {
78

let t2 = [...res.tokens];
79

t2[i] = tB;
80

t2[i+1] = tA;
81

newResults.push({ sign: -res.sign,
tokens: t2 });

82

found = true;
83

changed = true;
84

break;
85

} else if (idx1 === idx2) {
86

// zero
87

found = true;
88

changed = true;
89

break;
90

}
91

}
92 }
93 if (!

found) {
94

newResults.push(res);
95 }
96 }
97 results =

newResults;
98

98 }
99 return results;

100 }
101

102 const simplifiedTerms = [];
103

104 for (const term of terms) {
105 const tokens = parseOp(

term.op);
106 const results =

simplifyTokens(tokens);
107

108 for (const res of
results) {

109 let newSign =
term.sign;

110 if (res.sign
=== -1) {

111 newSign
= newSign === ’+’ ? ’-’ : ’+’;

112 }
113

114 let newOp = res
.tokens.join(’’);

115

116 simplifiedTerms
.push({

117 sign:
newSign,

118 coeff:
term.coeff,

119 op:
newOp

120 });
121 }
122 }
123

124 // Group terms with the same
coeff and op

125 const grouped = {};
126 for (const term of

simplifiedTerms) {
127 const key = term.coeff

+ ’|’ + term.op;
128 if (!grouped[key]) {
129 grouped[key] =

0;
130 }
131
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Code used: simplify.js — normal ordering and collecting terms (3/3)

131 grouped[key] += (term.
sign === ’+’ ? 1 : -1);

132 }
133

134 const finalTerms = [];
135 for (const key in grouped) {
136 const count = grouped[

key];
137 if (count !== 0) {
138 const [coeff,

op] = key.split(’|’);
139 let sign =

count > 0 ? ’+’ : ’-’;
140 let absCount =

Math.abs(count);
141 let newCoeff =

coeff;
142 if (absCount >

1) {
143 // If

coeff is empty, just use count
144 if (

newCoeff === ’’) {
145

newCoeff = absCount.toString();
146 } else

{
147

newCoeff = absCount.toString() + newCoeff;
148 }
149 }
150 finalTerms.push

({
151 sign,
152 coeff:

newCoeff,
153 op
154 });
155 }
156 }
157

158 fs.writeFileSync(’src/
terms_simplified.json’, JSON.stringify(finalTerms, null, 2));

159 console.log(‘Original terms: ${
terms.length}, Simplified terms: ${finalTerms.length}‘);

160
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An example coefficient

For O = θ2θ3:

coeff = −f̄12f13 + f̄13f12 + f̄23g11 + f12g13 − f13g12 + f23g11 + g11g23.

For O = θ1θ2θ3∂3:

coeff = f̄12ḡ33 − f̄12g33 + ḡ33f12 + ḡ33g12 − f12g33 − g12g33.

Every block is a homogeneous polynomial in g , f , ḡ , f̄ .

Bookkeeping question. How do we read off the multiplicative structure of this product?

11



An example coefficient

For O = θ2θ3:

coeff = −f̄12f13 + f̄13f12 + f̄23g11 + f12g13 − f13g12 + f23g11 + g11g23.

For O = θ1θ2θ3∂3:
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Diagonal vs off-diagonal maps



Two kinds of components

The product naturally splits into two kinds of pieces.

(1) Diagonal maps — preserve some θ-component:

S θi 7→ S θi , S θiθj 7→ S θiθj , . . .

(2) Off-diagonal maps — do not preserve any θ-component:

S θ3 7→ S θ1, S 1 7→ S θ1θ2, . . .

Fact. Each diagonal component is what we take into account as the result of multiplication:

though the components look different, they are equivalent modulo an ideal.
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Code used: simplify diagonal.js — diagonal maps ∆(x) (1/2)

1 import fs from ’fs’;
2

3 const terms = JSON.parse(fs.
readFileSync(’src/terms_simplified.json’, ’utf8’));

4

5 const basis = [
6 { name: ’1’, indices: [] },
7 { name: ’\\theta_1’, indices:

[1] },
8 { name: ’\\theta_2’, indices:

[2] },
9 { name: ’\\theta_3’, indices:

[3] },
10 { name: ’\\theta_1\\theta_2’,

indices: [1, 2] },
11 { name: ’\\theta_1\\theta_3’,

indices: [1, 3] },
12 { name: ’\\theta_2\\theta_3’,

indices: [2, 3] },
13 { name: ’\\theta_1\\theta_2\\

theta_3’, indices: [1, 2, 3] }
14 ];
15

16 function parseOp(opStr) {
17 const theta = [];
18 const del = [];
19 const regex = /\\(theta

|partial)_(\d)/g;
20 let match;
21 while ((match = regex.

exec(opStr)) !== null) {
22 if (match[1]

=== ’theta’) theta.push(parseInt(match[2]));
23 if (match[1]

=== ’partial’) del.push(parseInt(match[2]));
24 }
25 return { theta, del };
26 }
27

28 function applyOp(op,
basisIndices) {

29 let current = [...
basisIndices];

30 let sign = 1;
31

32

32 for (let i = op.del.
length - 1; i >= 0; i--) {

33 const d = op.
del[i];

34 const idx =
current.indexOf(d);

35 if (idx === -1)
return { sign: 0, indices: [] };

36 if (idx % 2 ===
1) sign *= -1;

37 current.splice(
idx, 1);

38 }
39

40 for (let i = op.theta.
length - 1; i >= 0; i--) {

41 const t = op.
theta[i];

42 if (current.
includes(t)) return { sign: 0, indices: [] };

43 let insertIdx =
0;

44 while (
insertIdx < current.length && current[insertIdx] < t) {

45

insertIdx++;
46 }
47 const

inversions = insertIdx;
48 if (inversions

% 2 === 1) sign *= -1;
49 current.splice(

insertIdx, 0, t);
50 }
51

52 return { sign, indices:
current };

53 }
54

55 function normalizeCoeff(
coeffStr) {

56 if (!coeffStr) return ’
’;

57 const factors =
coeffStr.match(/\\bar{[fg]}_{\d+}|[fg]_{\d+}/g) || [];

58 factors.sort();
59 return factors.join(’’)

;
60 }
61

62 const diagonalResults = [];
63

64
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Code used: simplify diagonal.js — diagonal maps ∆(x) (2/2)

64 for (const b of basis) {
65 const combined = {};
66

67 for (const term of
terms) {

68 const op =
parseOp(term.op);

69 const applied =
applyOp(op, b.indices);

70 if (applied.
sign !== 0) {

71 const
targetName = basis.find(x => x.indices.join(’,’) === applied.
indices.join(’,’)).name;

72 if (
targetName === b.name) {

73

const normCoeff = normalizeCoeff(term.coeff);
74

let termSign = term.sign === ’-’ ? -1 : 1;
75

let totalSign = termSign * applied.sign;
76

77

if (!combined[normCoeff]) combined[normCoeff] = 0;
78

combined[normCoeff] += totalSign;
79 }
80 }
81 }
82

83 let expr = ’’;
84 const sortedCoeffs =

Object.keys(combined).sort();
85 for (const c of

sortedCoeffs) {
86 const count =

combined[c];
87 if (count ===

0) continue;
88

89 let signStr =
count > 0 ? ’+’ : ’-’;

90 let absCount =
Math.abs(count);

91 let countStr =
absCount === 1 ? ’’ : absCount.toString();

92

93 let termStr = c
=== ’’ ? ’1’ : c;

94

95

95 if (expr === ’’
) {

96 if (
signStr === ’-’) expr += ’- ’;

97 expr +=
countStr + termStr;

98 } else {
99 expr +=

‘ ${signStr} ${countStr}${termStr}‘;
100 }
101 }
102

103 if (expr === ’’) expr =
’0’;

104

105 diagonalResults.push({
106 generator: b.

name,
107 expr: expr
108 });
109 }
110

111 fs.writeFileSync(’src/
diagonal_maps_simplified.json’, JSON.stringify(diagonalResults,
null, 2));

112 console.log(’Simplified
diagonal maps.’);

113
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The diagonal maps ∆

For each generator x ∈ {1, θ1, θ2, θ3, θ1θ2, θ1θ3, θ2θ3, θ1θ2θ3} we record ∆(x), the diagonal

component.

Two simple examples after simplification:

∆(1) = −f̄12f12g33 + f̄13f12g23 − f̄13f13g22

− f̄23f12g13 + f̄23f13g12 − f̄23f23g11 + g11g22g33,

∆(θ3) = −f̄12ḡ33f12 + f̄13f12g23 − f̄13f13g22

− f̄23f12g13 + f̄23f13g12 − f̄23f23g11 + ḡ33g11g22.

The remaining six components have analogous (more or less symmetric) shapes.
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∆(θ2θ3)

The map of central interest in this talk:

∆(θ2θ3) = f̄12ḡ23f13 − f̄12ḡ33f12 − f̄13ḡ22f13

− f̄23f12g13 + f̄23f13g12 − f̄23f23g11 − f̄23g11g23

+ ḡ22ḡ33g11

− ḡ23f12g13 + ḡ23f13g12 − ḡ23f23g11 − ḡ23g11g23.

Twelve terms; each a degree-3 monomial in g , f , ḡ , f̄ .
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The Hessian candidates



Question

Can one of the diagonal maps ∆(x)

(or a linear combination) be realised as a determinant?

We have the Hessian-type determinant in mind — there are several natural 3× 3 candidates

whose determinants are degree 3 polynomials in our generators. Each gij or fij is a second

difference of a polynomial W , so we do not expect it just as a coincidence.
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Four candidate matrices

M1 =

 g11 −f12 −f13

−g12 − f12 g22 f23

−f̄13 −f̄23 ḡ33

 , M2 =

 g11 −f12 −f13

−f̄12 ḡ22 ḡ23 + f̄23

−f̄13 −f̄23 ḡ33

 ,

M3 =

 ḡ11 ḡ12 + f̄12 ḡ13 + f̄13

−g12 − f12 g22 f23

g13 − f13 g23 − f23 −g33

 , M4 =

 ḡ11 ḡ12 + f̄12 ḡ13 + f̄13

−f̄12 ḡ22 ḡ23 + f̄23

g13 − f13 g23 − f23 −g33

 .

Task. Check whether det(Mi ) is equivalent to one of the diagonal maps ∆(x) modulo an

ideal I. We came up with these matrices since each row gives rise to a partial derivative of W

by certain linear combination.
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The ideal from off-diagonal maps



The obstacle, and the idea

Problem. Diagonal maps and determinants are just formal polynomials in gij , fij , ḡij , f̄ij . There

is no natural way of identifying diagonals and determinants.

Idea. The off-diagonal components are exactly the pieces that are used for the identification!
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is no natural way of identifying diagonals and determinants.

Idea. The off-diagonal components are exactly the pieces that are used for the identification!

19



Quadratic off-diagonal maps

Among the off-diagonal maps, the ones whose right-hand side is a homogeneous degree-2

polynomial in the generators are exactly six — those going from θ-degree d to θ-degree d + 2,

with d ∈ {0, 1}.

O(1→ θ1θ2) = f̄12g33 − f̄13f23 − f̄13g23 + f̄23f13 + f̄23g13 + f12g33 + g12g33,

O(1→ θ1θ3) = f̄12f23 + f̄13g22 − f̄23f12 − f̄23g12 − f12g23 + f13g22 − g12g23 + g13g22,

O(1→ θ2θ3) = −f̄12f13 + f̄13f12 + f̄23g11 + f12g13 − f13g12 + f23g11 + g11g23,

and three more O(θi → θ1θ2θ3), i = 1, 2, 3.
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The result



Main result

Theorem (computer-verified identity)

∆(θ2θ3) = det(M2) −
(
f̄23 + ḡ23

)
O(1→ θ2θ3)

or, equivalently,

det(M2) ≡ ∆(θ2θ3) (mod I).

• Among M1,M2,M3,M4, only M2 admits such a relation with ∆(θ2θ3).

• The multiplier f̄23 + ḡ23 is a linear element — this is the cleanest correction possible.
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Code used: get m4 combination.js — ideal membership problem (1/4)

1 import fs from ’fs’;
2

3 const diagMaps = JSON.parse(fs.
readFileSync(’src/diagonal_maps_simplified.json’, ’utf8’));

4 const allOffDiagMaps = JSON.
parse(fs.readFileSync(’src/all_off_diagonal_maps.json’, ’utf8’))
;

5

6 function parseExprToMap(expr) {
7 const map = {};
8 if (expr === ’0’)

return map;
9

10 let s = expr.replace(/
/g, ’’);

11 if (!s.startsWith(’+’)
&& !s.startsWith(’-’)) {

12 s = ’+’ + s;
13 }
14

15 const regex = /([+-])([
a-zA-Z0-9_{}\\]*)/g;

16 let match;
17 while ((match = regex.

exec(s)) !== null) {
18 const sign =

match[1] === ’+’ ? 1 : -1;
19 let term =

match[2];
20

21 if (term === ’’
) continue;

22

23 let coeff = 1;
24 const

coeffMatch = term.match(/^(\d+)/);
25 if (coeffMatch)

{
26 coeff =

parseInt(coeffMatch[1], 10);
27 term =

term.substring(coeffMatch[1].length);
28 }
29

29 if (term === ’’
) term = ’1’;

30

31 map[term] = (
map[term] || 0) + sign * coeff;

32 }
33 return map;
34 }
35

36 const variables = [
37 "f_{12}", "f_{13}", "f_{23}",
38 "\\bar{f}_{12}", "\\bar{f}_{13}

", "\\bar{f}_{23}",
39 "g_{11}", "g_{12}", "g_{13}", "

g_{22}", "g_{23}", "g_{33}",
40 "\\bar{g}_{11}", "\\bar{g}_{12}

", "\\bar{g}_{13}", "\\bar{g}_{22}", "\\bar{g}_{23}", "\\bar{g}_
{33}"

41 ];
42

43 const vectors = [];
44 const vectorNames = [];
45

46 diagMaps.forEach((m, i) => {
47 vectors.push(

parseExprToMap(m.expr));
48 vectorNames.push(‘D_${i

+1}‘);
49 });
50

51 allOffDiagMaps.forEach((m) => {
52 if (m.expr === ’0’)

return;
53 const baseMap =

parseExprToMap(m.expr);
54

55 const firstTerm =
Object.keys(baseMap)[0];

56 const factors =
firstTerm === ’1’ ? [] : firstTerm.match(/\\bar{[fg]}_{\d+}|[fg]
_{\d+}/g) || [];

57
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Code used: get m4 combination.js — ideal membership problem (2/4)

57 const degree = factors.
length;

58

59 if (degree === 2) {
60 variables.

forEach(v => {
61 const

multipliedMap = {};
62 for (

const [term, coeff] of Object.entries(baseMap)) {
63

let f = term === ’1’ ? [] : term.match(/\\bar{[fg]}_{\d
+}|[fg]_{\d+}/g) || [];

64

f.push(v);
65

f.sort();
66

const newTerm = f.join(’’);
67

multipliedMap[newTerm] = (multipliedMap[newTerm] || 0) +
coeff;

68 }
69 vectors

.push(multipliedMap);
70

vectorNames.push(‘${v} * O(${m.source}->${m.target})‘);
71 });
72 } else if (degree ===

3) {
73 vectors.push(

baseMap);
74 vectorNames.

push(‘O(${m.source}->${m.target})‘);
75 }
76 });
77

78 function multiply(p1, p2) {
79 const res = {};
80 for (const [m1, c1] of

Object.entries(p1)) {
81 for (const [m2,

c2] of Object.entries(p2)) {
82 const

f1 = m1 === ’1’ ? [] : m1.match(/\\bar{[fg]}_{\d+}|[fg]_{\d+}/g)
|| [];

83 const
f2 = m2 === ’1’ ? [] : m2.match(/\\bar{[fg]}_{\d+}|[fg]_{\d+}/g)
|| [];

84

84 const f
= [...f1, ...f2].sort();

85 const m
= f.length === 0 ? ’1’ : f.join(’’);

86 res[m]
= (res[m] || 0) + c1 * c2;

87 }
88 }
89 return res;
90 }
91

92 function add(p1, p2) {
93 const res = {...p1};
94 for (const [m, c] of

Object.entries(p2)) {
95 res[m] = (res[m

] || 0) + c;
96 if (res[m] ===

0) delete res[m];
97 }
98 return res;
99 }

100

101 function subtract(p1, p2) {
102 const res = {...p1};
103 for (const [m, c] of

Object.entries(p2)) {
104 res[m] = (res[m

] || 0) - c;
105 if (res[m] ===

0) delete res[m];
106 }
107 return res;
108 }
109

110 function parseEntry(expr) {
111 const map = {};
112 if (expr === ’0’)

return map;
113 let s = expr.replace(/

/g, ’’);
114
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Code used: get m4 combination.js — ideal membership problem (3/4)

114 if (!s.startsWith(’+’)
&& !s.startsWith(’-’)) s = ’+’ + s;

115 const regex = /([+-])([
a-zA-Z0-9_{}\\]*)/g;

116 let match;
117 while ((match = regex.

exec(s)) !== null) {
118 const sign =

match[1] === ’+’ ? 1 : -1;
119 let term =

match[2];
120 if (term === ’’

) continue;
121 map[term] = (

map[term] || 0) + sign;
122 }
123 return map;
124 }
125

126 function det3x3(M) {
127 const m = M.map(row =>

row.map(parseEntry));
128 const term1 = multiply(

m[0][0], subtract(multiply(m[1][1], m[2][2]), multiply(m[1][2],
m[2][1])));

129 const term2 = multiply(
m[0][1], subtract(multiply(m[1][0], m[2][2]), multiply(m[1][2],
m[2][0])));

130 const term3 = multiply(
m[0][2], subtract(multiply(m[1][0], m[2][1]), multiply(m[1][1],
m[2][0])));

131 return add(subtract(
term1, term2), term3);

132 }
133

134 const M4 = [
135 ["g_{11}", "-f_{12}", "-f_{13}"

],
136 ["-\\bar{f}_{12}", "\\bar{g}_

{22}", "\\bar{g}_{23}+\\bar{f}_{23}"],
137 ["-\\bar{f}_{13}", "-\\bar{f}_

{23}", "\\bar{g}_{33}"]
138 ];
139

140 const detM4 = det3x3(M4);
141

141

142 const allMonomials = new Set();
143 vectors.forEach(v => Object.

keys(v).forEach(k => allMonomials.add(k)));
144 Object.keys(detM4).forEach(k =>

allMonomials.add(k));
145

146 const monomials = Array.from(
allMonomials).sort();

147

148 const matrix = vectors.map(v =>
monomials.map(m => v[m] || 0));

149 const targetM4 = monomials.map(
m => detM4[m] || 0);

150

151 function solve(matrix, target)
{

152 const m = matrix.length
;

153 const n = matrix[0].
length;

154

155 const A = [];
156 for (let i = 0; i < n;

i++) {
157 A.push([]);
158 for (let j = 0;

j < m; j++) {
159 A[i].

push(matrix[j][i]);
160 }
161 A[i].push(

target[i]);
162 }
163

164 let row = 0;
165 const pivotCols = [];
166 for (let col = 0; col <

m && row < n; col++) {
167 let pivotRow =

row;
168 while (pivotRow

< n && Math.abs(A[pivotRow][col]) < 1e-9) pivotRow++;
169

170 if (pivotRow
=== n) continue;

171
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Code used: get m4 combination.js — ideal membership problem (4/4)

171

172 const temp = A[
row];

173 A[row] = A[
pivotRow];

174 A[pivotRow] =
temp;

175

176 pivotCols.push
({row, col});

177

178 const pivotVal
= A[row][col];

179 for (let j =
col; j <= m; j++) A[row][j] /= pivotVal;

180

181 for (let i = 0;
i < n; i++) {

182 if (i
!== row && Math.abs(A[i][col]) > 1e-9) {

183

const factor = A[i][col];
184

for (let j = col; j <= m; j++) {
185

A[i][j] -= factor * A[row][j];
186

}
187 }
188 }
189 row++;
190 }
191

192 let consistent = true;
193 for (let i = row; i < n

; i++) {
194 if (Math.abs(A[

i][m]) > 1e-9) {
195

consistent = false;
196 break;
197 }
198 }
199

200 if (!consistent) return
null;

201

201

202 const solution = new
Array(m).fill(0);

203 for (const p of
pivotCols) {

204 solution[p.col]
= A[p.row][m];

205 }
206

207 return solution;
208 }
209

210 const solM4 = solve(matrix,
targetM4);

211

212 function formatSolution(sol) {
213 if (!sol) return "No

linear combination found.";
214 const parts = [];
215 for (let i = 0; i < sol

.length; i++) {
216 if (Math.abs(

sol[i]) > 1e-9) {
217 let val

= Math.round(sol[i] * 10000) / 10000;
218 parts.

push(‘${val} * ${vectorNames[i]}‘);
219 }
220 }
221 return parts.length > 0

? parts.join(’\n+ ’) : "0";
222 }
223

224 console.log("det(M_4)
combination:");

225 console.log(formatSolution(
solM4));

226
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Verification in symbols

Expand the right-hand side det(M2)− (f̄23 + ḡ23)O(1→ θ2θ3).

det(M2) = −f̄12 f̄23f13 − f̄12ḡ33f12 + f̄13 f̄23f12 − f̄13ḡ22f13

+ f̄13ḡ23f12 + f̄ 2
23g11 + f̄23ḡ23g11 + ḡ22ḡ33g11,

(f̄23 + ḡ23)O(1→ θ2θ3) = −f̄12 f̄23f13 − f̄12ḡ23f13 + f̄13 f̄23f12 + f̄13ḡ23f12

+ f̄ 2
23g11 + f̄23ḡ23g11 + f̄23f12g13 − f̄23f13g12

+ f̄23f23g11 + f̄23g11g23 + ḡ23f12g13 − ḡ23f13g12

+ ḡ23f23g11 + ḡ23g11g23.

Subtracting cancels eight terms and reproduces the twelve terms of ∆(θ2θ3) exactly. �
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Summary



Summary

• Our problem is nothing but the ideal membership problem which is accessable by

pre-existing tools. Nevertheless, thanks to AI tools, computer illiterates such as myself

might be able to call on the aid of computers much more easily.

• In this project major breakthroughs were due to HI(Human Intelligences): the role of AI

was to deal with complications which take too much time for humans. We wondered how

much the AI could suggest theoretical breakthroughs towards our solution, and at this

moment it seems much more probable that it can do quite a lot.
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Thank you very much!
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