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Setup



Anticommutative variables

Consider three variables 61, 0,, 03 which anticommute with each other:
0:0; = —0,0, in particular 0,-2 =0.
Such variables appear naturally in calculus of several variables, exterior algebras etc.

For S = C[x1, x2, X3, Y1, Y2, y3], we work with

S[01,02,03] = SOEPS -0, ©ED S 0,6, © S - 616,065

i<j



Differential operators

Adjoin differential operators 01, 0>, 03 subject to:

0,0, = —0,0;, 0,0, =—0;0;, 0 = —0;0; +6;

Example. 8191 =1- 0181.
Hence 010 is itself a differential operator, and it acts on the left of 6; as zero (because 62 = 0).

The full operator algebra is generated by polynomials in 6;, 0;.



The two operators



The objects of main interest

Let gy, fij, &jj, f be polynomials in the (x's. Define two operators of degree 3 in 016,03:

e"P (010203) = 010203 — £11020301 + g12010301 — £13010201
+ 82201030, — £23010202 — g33610205 — f1203 + fi30>, — f301
— 82811030201 + 23811020201 + £33811020301 + H3g1101
— 823812010201 — 33812010301 — 1381201 + 822813010201 + 1281301
— 22833010302 — f138200> + 1282302 + f1283303 + £33822811030201 (2.14)

P (010203) = 010205 — 811020301 + F12010301 — E13010201
+ 82201030, — 82301020, — 833010205 — fi1203 + 30, — Fozbs
— B2811030,01 + 823811020201 + 33811020301 + 38101
— 82381201001 — E33812010301 — F1381201 + 822813010201 + 1281301
— 822833010302 — 138220, + 1282302 + Fi2B3303 + B33822811030,01 (2.15)

We are interested in the product of (2.14) and (2.15) due to its relevance in G-Frobenius
algebra structure (emerging as a mirror to the G-covering of a symplectic manifold.)




The product: operator-by-operator expansion

The product is a long sum of monomials of the form

(coefficient in g, f, g, f) - O

for various operators O € {6,0,}.

After computer-algebra simplification, the product expands as 32 blocks indexed by operators
O:
01020331, 91929382, 500y 9293, 9192, ey 1, 0,-8J-.

We list the coefficient of each O as a polynomial in gj, f;, gjj, F,J



Code used: generate.js — formal product of (2.14) and (2.15) (1/2

const A = [ 34 { c: "= \\bar{g}_{23}", o: "\\
{ c: "", o: "\\theta_1\\theta_2 theta_1\\theta_2\\partial 2" },
\\theta_3" }, 5 { c: "= \\bar{g}_{33}", o: "\\
{ c: "= g {11}", o: "\\theta_2 theta_1\\theta_2\\partial 3" },
\\theta_3\\partial 1" }, 3 { c: "= \\bar{f}_{12}", o: "\\
{ c: "+ g_{12}", o: "\\theta_1 theta_3" },
\\theta_3\\partial_ 1" }, 37 { c: "+ \\bar{f}_{13}", o: "\\
{ c: "= g_{13}", o: "\\theta_1 theta_2" },
\\theta_2\\partial 1" }, 3 { c: "= \\bar{f}_{23}", o: "\\
{ c: "+ g_{22}", o: "\\theta_1 theta_1" },
\\theta_3\\partial 2" }, ] { c: "= \\bar{g}_{22}\\bar{g}_
{ c: "- g {23}", o: "\\theta_1 {11}", o: "\\theta_3\\partial_2\\partial 1" },
\\theta_2\\partial 2" }, 10 { c: "+ \\bar{g}_{23F\\bar{g}_
{ c: "- g {33}", o: "\\theta_1 {11}", o: "\\theta_2\\partial 2\\partial 1" }
\\theta_2\\partial_3" }, { c: "+ \\bar{g}_{33}\\bar{g}_
{ c: "= £_{12}", o: "\\theta_ 3" {11}", o: "\\theta_2\\partial_3\\partial_ 1" },
To 2 { c: "+ \\bar{f}_{23}\\bar{g}_
10 { c: "+ £_{13}", o: "\\theta_ 2" {11}", o: "\\partial 1" },
To % { c: "= \\bar{g}_{23}\\bar{g}_
1 { c: "= £.{23}", o: "\\theta_1" {12}", o: "\\theta_1\\partial 2\\partial 1" },
3}, 4 { c: "= \\bar{g}_{33}\\bar{g}_
{c: "= g {22}g_{11}", o: "\\ {12}", o: "\\theta_i\\partial_3\\partial 1" },
theta_3\\partial_2\\partial_1" }, a5 { c: "= \\bar{f}_{13}\\bar{g}_
13 { c: "+ g_{23}g_{11}", o: "\\ {12}", o: "\\partial 1" },
theta_2\\partial_2\\partial_1" }, % { c: "+ \\bar{g}_{22}\\bar{g}_
14 { c: "+ g_{33}g_{11}", o: "\\ {13}", o: "\\theta_1\\partial_2\\partial_ 1" },
theta_2\\partial_3\\partial_ 1" }, a7 { c: "+ \\bar{f}_{12F\\bar{g}_
5 {c: "+ £_{28}g_{11}", o: "\\ {13}", o: "\\partial 1" },
partial_i" }, 4 { c: "= \\bar{g}_{22}\\bar{g}_
{ c: "= g {23}g_{12}", o: "\\ {33}", o: "\\theta_1i\\partial_3\\partial 2" },
theta_1\\partial 2\\partial 1" }, 0 { c: "= \\bar{f}_{13}\\bar{g}_
17 { c: "= g {33}g_{12}", o: "\\ {22}", o: "\\partial 2" },
theta_1\\partial_3\\partial_1" }, { c: "+ \\bar{f}_{12}\\bar{g}_
) { c: " £_{13}g_{12}", o: "\\ {23}", o: "\\partial 2" },
partial 1" }, 5 { c: "+ \\bar{f}_{12F\\bar{g}_
{ c: "+ g_{22}g_{13}", o: "\\ {33}", o: "\\partial 3" },
theta_1\\partial_2\\partial 1" }, 52 { c: "+ \\bar{g}_{33}\\bar{g}_ 6
{ o "+ £_{12}g_{13}", o: "\\ {22N\\bar{g}_{11}", o: "\\partial_3\\partial 2\\partial 1" }
-

9 aw v



Code used: generate.js — formal product of (2.14) and (2.15) (2/2)

.replace(/ /g, *7);

startsWith(’-’) && cB.startsWith(’-*)) {
B0

.substring(1);

-substring(1);

startsWith(’-’) && cB.startsWith(’+’)) {
pdg
.substring(1);

.substring(1);

startsWith(’+’) && cB.startsWith(’-’)) {
pdg

.substring(1);

.substring(1);

startsWith(’-’) && cB === ’) {

.substring(1);
startsWith(’+’) && cB === *’) {

EFE

let cB = B[jl.c

let sign = ’+’;
if (cA.

sign =
ch = cA
cB = cB

} else if (cA.

sign =
ch = cA
cB = cB

} else if (cA.

sign =
ch = cA
cB = cB

} else if (cA.
sign =
ch = cA

} else if (cA.
sign =

B

if (coeff

*) coeff = *7;

let op = A[il.o
+ B[jl.0;

terms.push ({
sign, coeff, op });

}

let latex = "&=
let currentLine
for (let i = 0; i < terms.

Wi,

length; i++) {
let termStr = "";
if (i === 0 && terms[i

1.sign === ’+’) {

termStr = terms
[i].coeff + terms[il.op;

} else {

termStr = terms
[i].sign + " " + terms[i].coeff + terms[i].op;

if (currentLine.length
+ termStr.length > 100) {

latex +=
currentLine + " \\\\\\\\\n&\\quad "
currentLine =
termStr + " ";
} else {
currentLine +=
termStr + " ";

}
}

latex += currentLine;

e

P



used: simplify.js — normal ordering and collecting terms (1/3)

import fs from ’fs’;

const terms = JSON.parse (fs.
readFileSync(’src/terms.json’, ’utf8’));

function parseOp(opStr) {
const tokens = [];
let i = 0;
while (i < opStr.length

) {
if (opStr.
startsWith(’\\theta_’, i)) {
tokens.
push(opStr.substring(i, i + 8));
i+=8;
} else if (
opStr.startsWith(’\\partial_’, i)) {
tokens.
push(opStr.substring(i, i + 10));
i+=
10;
} else {
it
¥
return tokens;
}
function simplifyTokens (tokens)
{

let results = [{ sign:
1, tokens: [...tokens] }];
let changed = true;

while (changed) {

changed = false

let newResults

if (tA.startsWith(’\\partial_ ’) && tB.startsWith(’\\
theta_?)) {

let idx1 = tA.substring(9);

let idx2 = tB.substring(7);

if (idx1 === idx2) {
let t1 = [...res.tokens];
t1.splice(i, 2);

newResults.push({ sign: res.sign, tokens
Tt b

let t2 = [...res.tokens];
t2[i] = tB;
t2[i+1] = tA;

newResults.push({ sign: -res.sign,
tokens: t2 });

} else {
let t2 = [...res.tokens];
t2[i] = tB;

e F:147 — oa.



used: simplify.js — normal ordering and collecting terms (2/3)

changed = true;

break;

} else if (idxl =
// zero
found = true;
changed = true;
break;

}

} else if (tA.startsWith(’\\partial_’) && tB.startsWith(

*\\partial_’)) {
let idx1 = parseInt(tA.substring(9));
let idx2 = parseInt(tB.substring(9));
if (idx1 > idx2) {
let t2 = [...res.tokens];
t2[i] = tB;

t2[i+1] = tA;

newResults.push({ sign: -res.sign

tokens: t2 });
found = true;

changed = true;

term.op);

simplifyTokens (tokens) ;

results) {
term.sign;

=)

= newSign === '+’ 7 ’-’

.tokens.join(’?);

_push({
newSign,
term.coeff,

newOp

e .

i3
return results;
¥

const simplifiedTerms = [];

for (const term of terms) {
const tokens = parse0p(

const results =

for (const res of
let newSign =
if (res.sign
newSign
}

let newlp = res

simplifiedTerms
sign:
coeff:
op:

iH

}

// Group terms with the same



Code used: simplify.js — normal ordering and collecting terms

grouped[key] += (term.

sign === 4 7 1 : -1);

1 ¥

1

13 const finalTerms = [];

135 for (const key in grouped) {

1 const count = grouped[
keyl;

if (count !== 0) {
const [coeff,
op]l = key.split(’|’);
let sign =
count > 0 7 4’ : =7
let absCount =
Math.abs(count) ;

let newCoeff =

coeff;

1 if (absCount >
1 {

143 // 1f
coeff is empty, just use count

14 if (
newCoeff === >’) {

145

newCoeff = absCount.toString();

146 } else
{

1

newCoeff = absCount.toString() + newCoeff;

148 }

149 i3

150 finalTerms.push
«

15 sign,

15 coeff:
newCoeff,

op 10
o N



An example coefficient

For O = 0,03:
coeff = —fiofi3 + fisfio + fagir + fi2g13 — fi3g12 + F3g11 + 11823
For O = 016,630s:
coeff = fia833 — fiog3s + B33fi2 + 833812 — F12833 — £12833-

Every block is a homogeneous polynomial in g, f, g, f.

11



An example coefficient

For O = 0,03:
coeff = —fiafi3 + fisfio + fsgi1 + fag13 — fi3g12 + fagi + g11823-
FOF O = 919293631

coeff = fia833 — fiog3s + B33fi2 + 833812 — F12833 — £12833-

Every block is a homogeneous polynomial in g, f, g, f.

Bookkeeping question. How do we read off the multiplicative structure of this product?

11



Diagonal vs off-diagonal maps



Two kinds of components

The product naturally splits into two kinds of pieces.

(1) Diagonal maps — preserve some #-component:

50,' — 59,‘, 59,’0j — 59,‘9]',

(2) Off-diagonal maps — do not preserve any 6-component:

593|—>591, 51'—)59192,

12



Two kinds of components

The product naturally splits into two kinds of pieces.

(1) Diagonal maps — preserve some #-component:

50,' — 59,‘, 59,’0j — 59,‘9]',

(2) Off-diagonal maps — do not preserve any 6-component:

593|—>591, 51'—)59192,

Fact. Each diagonal component is what we take into account as the result of multiplication:

though the components look different, they are equivalent modulo an ideal.

12



Code used: simplify diagonal.js — diagonal maps A(x) (1/2)

[11 3,
[21 3,
[31 3,
indices: [1, 2] },
indices: [1, 3] },
indices: [2, 3] },

theta_3’, indices:

Ipartial) _(\d)/g;

exec(opStr)) !== null) {

1, 2, 31 }

import fs from ’fs’;

const terms = JSON.parse (fs.
readFileSync(’src/terms_simplified.json’, ’utf8’));

const basis = [

{ name:
{ name:

{ name:
{ name:
{ name:
{ name:
{ name:

{ name:

1;

’1°, indices: [] },
*\\theta_1’, indices:

’\\theta_2’, indices:
’\\theta_3’, indices:
’\\theta_1\\theta_2’,
’\\theta_1\\theta_3’,
’\\theta_2\\theta_3’,

’\\theta_1\\theta_2\\

function parseOp(opStr) {

const theta = [];
const del = [];
const regex = /\\(theta

let match;
while ((match = regex.

if (match[1]

’theta’) theta.push(parseInt(match[2]));

if (match[1]

’partial’) del.push(parseInt(match[2]));
}

return { theta, del };

length - 1; i >= 0; i--) {
dell[il;

current.index0f (d) ;

return { sign: 0, indices:

1) sign *= -1;

idx, 1);

length - 1; i >= 0; i--) {

thetalil;

includes(t)) return { sign:

03

[N H

0, indices:

for (let i = op.del.

}

const d = op.

const idx

if (idx

if (idx % 2 ===

current.splice(

for (let i = op.theta.

(Wi 5

const t = op.
if (current.
let insertldx =

while (

insertIdx < current.length &% current[insertIdx] < t) {

insertIdx++;

inversions = insertIdx;

% 2 === 1) sign *=

insertIdx, 0, t);

current };

¥

return

¥

const
if (inversions

current.splice(

{ sign, indices:

13



Code used: simplify diagonal.js — diagonal maps A(x) (2/2)

64 for (const b of basis) {

o const combined = {}; ) L
for (const term of signStr === ’-’) expr += ’- ’;
terms) { 9 expr +=
const op = countStr + termStr;
parseOp(term.op) ; 96 } else {
const applied = expr +=
applyOp(op, b.indices); ¢ ${signStr} ${countStr}${ternStr}‘;
if (applied. ¥
sign !== 0) { > 3}
const )
targetName = basis.find(x => x.indices.join(’,’) applied. if (expr === ’’) expr =
indices.join(’,?)) .name; 207
72 if ( Y

targetName === b.name) {

diagonalResults.push({
generator: b.

const normCoeff = normalizeCoeff (term.coeff); name,

o7 eXpr: expr
let termSign = term.sign R I o H;
. 3

let totalSign = termSign * applied.sign; I

. fs.uriteFileSync(’src/
diagonal_maps_simplified.json’, JSON.stringify(diagonalResults,
null, 2));

if (!combined[normCoeff]) combined[normCoeff] = 0; 1 console.log(’Simplified

diagonal maps.’);

combined [normCoeff] += totalSign; 3

}

let expr = ’’;
const sortedCoeffs =
Object.keys(combined) .sort();
for (const c of
sortedCoeffs) {

14

const count =

aFlT



The diagonal maps A

For each generator x € {1,601, 605, 03,0610, 0103,0205,010,05} we record A(x), the diagonal

component.
Two simple examples after simplification:

A(1) = —fiafingss + fisfioges — fisfizge
— f3fingis + Ffizgio — Fsbagil + 811822833,

A(03) = —Foa833fiz + fiafiogos — fsfizgen
— f3fiogi3 + fafizgir — habhagil + 83381182

The remaining six components have analogous (more or less symmetric) shapes.

15



The map of central interest in this talk:

A(0203) = fiagr3fiz — fi2B33fi2 — fi3B2ofis
— h3fiagis + hafisgie — fabagil — f3gi1823
+ 822833811

— 823f12813 + 82313812 — 82323811 — B23811823-

Twelve terms; each a degree-3 monomial in g, f, g, f.

16



The Hessian candidates



Can one of the diagonal maps A(x)
(or a linear combination) be realised as a determinant?

17



Can one of the diagonal maps A(x)
(or a linear combination) be realised as a determinant?

We have the Hessian-type determinant in mind — there are several natural 3 x 3 candidates
whose determinants are degree 3 polynomials in our generators. Each gj or f; is a second
difference of a polynomial W, so we do not expect it just as a coincidence.

17



Four candidate matrices

gi1 —fio  —f3 gu —f —fi3
Mi=|—gio—fi2 g» fs |, Mo=|—fio B2 &s+hs|,
—fi3 ~fhs B —fis —fs 833
gu o+ fi2 Zi3+fis g1 g+ fi2 Zi3tfis
Mz = | —gio — fi2 822 3 , My = —fio g2 B3 +
g1z — fi3 g3 — s —&833 g3 —fi3 g3 — s —&833

Task. Check whether det(M;) is equivalent to one of the diagonal maps A(x) modulo an
ideal Z. We came up with these matrices since each row gives rise to a partial derivative of W
by certain linear combination.

18



The ideal from off-diagonal maps



The obstacle, and the idea

Problem. Diagonal maps and determinants are just formal polynomials in gj;, f;;, 8jj, f_,J There

ijs
is no natural way of identifying diagonals and determinants.

19



The obstacle, and the idea

Problem. Diagonal maps and determinants are just formal polynomials in gj;, f;;, 8jj, f_,J There

ijs
is no natural way of identifying diagonals and determinants.

Idea. The off-diagonal components are exactly the pieces that are used for the identification!

19



Quadratic off-diagonal maps

Among the off-diagonal maps, the ones whose right-hand side is a homogeneous degree-2
polynomial in the generators are exactly six — those going from 6-degree d to 6-degree d + 2,
with d € {0,1}.

O(1 — 0102) = fiogss — fizhs — fisges + fsfis + fasgis + fiogss + £12833,
O(1 — 6103) = fiofs + fizgoe — Bafio — Psgio — fiogos + fi3g22 — 812823 + 813822,
O(1 — 0203) = —fiofiz + fizfio + Faagi1 + fiogis — fizgiz + fsgur + 811823,

and three more O(0; — 016203), i =1,2,3.

20



The result




Main result

Theorem (computer-verified identity)
A(6205) = det(Mo) — (fo3 + B23) O(1 — 603)

or, equivalently,
det(My) = A(6263) (mod 7).

e Among My, My, M3, My, only M, admits such a relation with A(6,03).

e The multiplier f3 + g»3 is a linear element — this is the cleanest correction possible.

21



Code used: get m4 combination. js — ideal

import fs from ’fs’;

const diagMaps = JSON.parse(fs
readFileSync(’src/diagonal _maps_simplified.json’, ’utf8’));

const allOffDiagMaps = JSON.
parse(fs.readFileSync(’src/all_off_diagonal_maps.json’, ’utf8’))

function parseExprToMap(expr) {

const map 8
if (expr °0%)
return map;
let s = expr.replace(/
/8, 7);

if (!s.startsWith(’+’)
&g !s.startsWith(’-’)) {
s =+ +s

¥

const regex = /([+-1) ([
a-24-70-9_{}\\1%)/g;

let match;
while ((match = regex.
exec(s)) !== null) {
const sign =
match[1] === *+> 7 1 : -1;
let term =
match[2];
if (term === 7

) continue;

let coeff = 1;

const
coeffMatch = term.match(/~(\d+)/);

if (coeffMatch)
{

e

membership problem (1/4)

) term = ’1°;

map[term] || 0) + sign * coeff;

", "\\bar{f}_{23}",

g-{22}", "g {23}", "g_{33}",

", "\\bar{g}_{13}", "\\bar{g}_{22}", "\\bar{g}_{23}", "\\bar{g}_

{33}

parseExprToMap (m. expr)) ;

+1}9);

return;

parseExprToMap (m.expr) ;

Object.keys (baseMap) [0] ;

if (term === >’

map[term] = (

}

return map;
¥
const variables = [
"f_{12}", "f_{13}", "f_{23}",
"\\bar{f}_{12}", "\\bar{f}_{13}
ng_{11}", "g_{12}", "g {13}", "

"\\bar{g}_{11}", "\\bar{g}_{12}

1;

const vectors = [];
const vectorNames = [];

diagMaps.forEach((m, i) => {
vectors. push(

vectorNames.push(‘D_${i
b

all0ffDiagMaps.forEach((m) => {
if (m.expr === ’0’)

const baseMap =

const firstTerm =

22



Code used: get m4 combination.js — ideal membership problem (2/4)

const degree = factors.

length;
if (degree === 2) {
variables.
forEach(v => {
const
multipliedMap = {};
for (

const [term, coeff] of Object.entries(baseMap)) {

let £ = term === ’1’ 7 [] : term.match(/\\bar{[fgl}_{\d
+}H [£g] _{\d+}/g) Il [1;

£.push(v);
f.sort();
const newTerm = f.join(’’);

multipliedMap [newTerm] = (multipliedMap[newTerm] || 0) +
coeff;
}
vectors
.push (multipliedMap) ;

vectorNames.push(‘${v} * 0(${m.source}->${m.target}));

} else if (degree ===
3) {
vectors.push(
baseMap) ;
vectorNames.
push(‘0(${m.source}->${m.target}) );

b;

function multiply(pi, p2) {
_

= [...f1, ...£2].s0rt();
= f.length === 0 ? ’1’
= (res[m] |l 0) + c1 * c2;

Object.entries(p2)) {
1110 +c;

0) delete res[m];

Object.entries(p2)) {
1110 -c;

0) delete res[m];

const f

const m

: £.join(??);

res [m]

b3
¥
return res;

¥
function add(pl, p2) {
const res = {...pl};

for (const [m, c] of

res[n] = (res[m

if (res[m]

}
return res;

}

function subtract(pl, p2) {
const res = {...pl};
for (const [m, c] of

res[m] = (res[m
if (res[m] ===
¥
return res;
}
function parseEntry(expr) {

const map = {};
if (expr === ’0°)

23



Code used: get m4 combination. js — ideal

if (!s.startsWith(’+’)
&& !s.startsWith(’-’)) s = ’+’ + s;
const regex = /([+-1) ([

a-zA-Z0-9_{M\\1%) /g;

let match;
while ((match = regex.
exec(s)) !'== null) {
const sign =
match[1] === >+’ 7 1 : -1;
let term =
match[2];
if (term === *’

) continue;
map[term] = (
map[tern] || 0) + sign;
¥
return map;

¥

function det3x3(M) {

const m = M.map(row =>
row.map(parseEntry)) ;

const terml = multiply(
m[0][0], subtract(multiply(m[1][1], m[2][2]), multiply(m[1][2],
m[2][11)));

const term2 = multiply(
m[0][1], subtract(multiply(m[1][0], m[2][2]), multiply(m[1][2],
m[2]1[01)));

const term3 = multiply(
m[0][2], subtract(multiply(m[1][0], m[2][1]), multiply(m([1][1],
m[2][01)));

return add(subtract(
terml, term2), term3);

}

const M4 = [
[rg {11}, "-f_{12}", "-f_{13}"

o ANL e FEY a4t WA\ [

membership problem (3/4)

const allMonomials = new Set();
vectors.forEach(v => Object.
keys(v) .forEach(k => allMonomials.add(k)));
Object.keys(detM4) .forEach(k =>
allMonomials.add(k));

const monomials = Array.from(
allMonomials) .sort();

const matrix = vectors.map(v =>

monomials.map(m => v[m] || 0));
const targetM4 = monomials.map(

m => detM4[m] || 0);

function solve(matrix, target)

{
const m = matrix.length
const n = matrix[0].
length;
const A = []
for (let i = 0; i < n;
i++) {
A.push([1);
for (let j = 0;
j<m; j+o) {
A[i].

push (matrix(j] [i]);

i3
A[i].push(

target[il);
}

let row = 0;
const pivotCols = [1;
for (let col = 0; col <

L auaN

24



Code used: get m4 combination. js — ideal

membership problem (4/4)

rowl;
pivotRow] ;

temp;

({row, col});

= Alrow] [coll;

col; j <= mj; j++

i < n; i++) {

!== row && Math.

const fa

for (let

;i) {

il[ml) > 1e-9) {

const temp = A[
Alrow] = A[ 20

AlpivotRow] = 20

pivotCols.push

const pivotVal 20!

for (let j =
) Alrow] [j] /= pivotVal; 2

for (let i = 0; o3

if (i 214
abs(A[il[coll) > 1e-9) { 215
ctor = A[i][coll; 216
j = col; j <=m; j*+) { 2
A[i][j] -= factor * A[row] [j];
3}
} 2
Tow++;

} ,"

let consistent = true;
for (let i = row; i <n

if (Math.abs(A[

Array(m).£i11(0);
pivotCols) {

= Alp.row] [m];

targetM4) ;

linear combination found.";

.length; i++) {

sol[il) > 1e-9) {

const solution = new
for (const p of

solution[p.col]
}

return solution;

}

const solM4 = solve(matrix,

function formatSolution(sol) {
if (!'sol) return "No

const parts = [];
for (let i = 0; i < sol

if (Math.abs(

let val

= Math.round(sol[i] * 10000) / 10000;

parts.

push(‘${val}l * ${vectorNames[i]});

? parts.join(’\n+ *) : "0";

combination:");

solM4));

¥
}
return parts.length > 0
¥
console.log("det (M_4)

console.log(formatSolution(
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Verification in symbols

Expand the right-hand side det(M,) — (fa3 + &23) O(1 — 6263).

det(M>) = —fiahsfis — A2833fia + fishsfiz — fi3g2fis
+ fi3gsfio + fag11 + Bagsgi + B2833811,

(B3 + 823) O(1 — 62603) = —Ffoh3fizs — Aogosfis + Ashsfio + fAzgsfiz
+ Fag11 + h3Basgir + hafiogis — fsfisgi
+ hafagil + f3811823 + B23fi2813 — B23f13812
+ 82323811 + 823811823-

Subtracting cancels eight terms and reproduces the twelve terms of A(6203) exactly.
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Summary




e Our problem is nothing but the ideal membership problem which is accessable by
pre-existing tools. Nevertheless, thanks to Al tools, computer illiterates such as myself
might be able to call on the aid of computers much more easily.

e In this project major breakthroughs were due to HI(Human Intelligences): the role of Al
was to deal with complications which take too much time for humans. We wondered how
much the Al could suggest theoretical breakthroughs towards our solution, and at this
moment it seems much more probable that it can do quite a lot.
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Thank you very much!
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