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A Unified View of Statistical Data

Primary object of interest Object / index domain Attached values Data type

Objects themselves

Points in Rp — Euclidean data

Functions in L2(T ) — Functional data

Points on Sd — Spherical data

Points on a manifold M — Manifold-valued data

Points in Kendall’s shape space — Shape data

Point configurations in a spatial

domain D ⊂ Rd
— Spatial point patterns

Graphs G = (V, E) — Network data

Measurements on

structured domains

Time domain t ∈ T X (t) ∈ Rp Time series

Spatial domain s ∈ D ⊂ Rd X (s) ∈ Rp Spatial data

Graph node domain v ∈ V X (v) ∈ Rp Graph signals

— indicates that the object itself is the observation.
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Relationships Among Observations
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Examples of Graphs

Logical networks

(social networks, web pages)

Physical networks

(metro systems, sensor networks)

Biological and chemical networks

(molecular graphs, proteins)
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Notation

• G = (V, E ,W ): a weighted graph

- V: a set of n nodes

- E: a set of edges

- W : weighted adjacency matrix

- The nonnegative element wij represents the strength of the connection between nodes i and j .

• We consider only graphs that are finite, connected, and simple, that is, graphs with no loops or

multiple edges.
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Data Living on Graphs

• Graph signals refer to measurements observed at the nodes of a graph.

• The analysis of graph signals considers both the observed values themselves and the relational

structure on which they are observed.

2026 NUU – SSU G-LAMP International Workshop 7 / 53



Examples of Graph Signals
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Random Graph Processes

• Random graph processes refer to stochastic processes indexed by the nodes of a graph G.

X : Ω× V → R (or C)

or equivalently,

{X (v) : v ∈ V}, X (v) : Ω → R (or C)

• A realization of a random graph process is a graph signal.

X = (X (1), ... ,X (n))⊤ ∈ Rn realization−−−−−→ x = (x(1), ... , x(n))⊤ ∈ Rn
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From Univariate to Multivariate Graph Signals
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Multivariate Graph Processes

• Multivariate graph process refer to vector-valued stochastic processes indexed by the nodes of a

graph G.
X : Ω× V → Rp (or Cp)

• We write

X = (X1|· · ·|Xp) ∈ Rn×p

jth component graph process: Xj = (Xj(1), ... ,Xj(n))
⊤ ∈ Rn
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Goal

• In this talk, we develop dimension reduction methods for multiple variables observed at graph

nodes, while incorporating the underlying graph structure.

• To this end, we develop PCA and factor model in the graph frequency domain.
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Times Series vs Graph Signals

2026 NUU – SSU G-LAMP International Workshop 13 / 53



Shift Operator in Time Series

• In time series analysis, the shift operator plays a fundamental role in spectral analysis and

stationarity.

(Bx)(t) = x(t − 1)

• Spectral analysis: Fourier modes are eigenfunctions of B.

Be iωt = e−iωe iωt

• Stationarity: statistical properties are invariant under time shifts.
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Graph Shift Operator (GSO)

• The graph shift operator (GSO), denoted by an n × n matrix S , defines the notion of signal shift

on a graph (Sandryhaila and Moura, 2014; Segarra et al., 2018).
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• The GSO is usually assumed to be normal, i.e., SSH = SHS .

- S = VΛVH , where Λ is the eigenvalue matrix, and V is a unitary eigenvector matrix

- λℓ: graph frequency (low: smooth variation / high: rapid variation)

- vℓ: basis signal, representing a characteristic pattern of variation over the graph nodes.

• For undirected graphs, the graph Laplacian is the most common example of a GSO.
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Graph Fourier Transform

• The classical Fourier transform is defined as

f̃ (ω) = ⟨f (t), e iωt⟩,

where the complex exponentials are the eigenfunctions of the shift operator, corresponding to the

eigenvalues e−iω.

• The graph Fourier transform (GFT) of a graph signal x is analogously defined as the inner

product between the eigenvectors of the GSO and the signal:

x̃ℓ = x̃(λℓ) = ⟨x , vℓ⟩ = vH
ℓ x , 1 ≤ ℓ ≤ n.

- S = VΛVH = (v1 | · · · | vn) diag({λℓ}nℓ=1)(v1 | · · · | vn)H .
- x̃ℓ: GFT coefficient corresponding to the eigenvalue λℓ.
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Graph Frequency Domain
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Stationarity on Graphs

Definition (Stationarity)

Given a normal GSO S , a zero-mean random graph process X is stationary with respect to S

if one of the following holds (Marques et al., 2017; Segarra et al., 2018):

• For any set of non-negative integers a, b, and c ≤ b, it holds that

E
[︂
(SaX )((SH)bX )H

]︂
= E

[︂
(Sa+cX )((SH)b−cX )H

]︂
cf. Weak stationarity for time series: E

[︂
X (t + a)X (t − b)H

]︂
= E

[︂
X (t + (a+ c))X (t − (b− c))H

]︂

• The covariance matrix ΣX = E
[︁
XXH

]︁
and S are simultaneously diagonalizable.
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Stationarity in Multivariate Graph Processes

We define the stationarity of a multivariate random graph process.

Definition (Stationarity in multivariate graph processes)

Given a normal graph shift operator S , consider a zero-mean p-dimensional random graph

process X = (X1 | · · · | Xp), where each Xi (1 ≤ i ≤ p) is an n-dimensional vector. The graph

process X is said to be weakly stationary if one of the following holds:

• The cross-covariance matrices ΣX
ij := Cov(Xi ,Xj) and S are simultaneously diagonalizable

for all 1 ≤ i , j ≤ p.
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Graph Cross-Spectral Density

We define a graph cross-spectral density (GCSD).

Definition (Graph cross-spectral density)

The graph cross-spectral density (GCSD) of zero-mean jointly weakly stationary graph

processes X and Y is defined as an n × 1 vector pXY = diag(V HΣXYV ).

• The GCSD, pXY = (pXY (λ1), ... , pXY (λn))
⊤, is a function of graph frequency.

• It describes the graph frequencies shared between two graph-structured variables and provides

information about the correlation of the two signals in the graph frequency domain.

• If X = Y , the GCSD reduces to the graph power spectral density (GPSD) as defined by

Marques et al. (2017), which indicates the energy distribution over graph frequencies.
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Figure 2: GPSD vs GCSD
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Estimation of Spectral Densities

• We consider R independent realizations X (1), ... ,X (R).

• The graph cross-spectral density is estimated by

p̂X
ij = diag(V H ˆ︃Cov(Xi ,Xj)V ),

which is called the graph cross-periodogram.

• When only a few realizations are available, graph windowing provides additional windowed signals

for estimation.

2026 NUU – SSU G-LAMP International Workshop 23 / 53



Contents

1. Introduction

2. Preliminaries

3. PCA in the Graph Frequency Domain

4. Graph Frequency-Domain Factor Modeling

5. Concluding Remarks



Dimension Reduction of Multivariate Graph Signals

• We aim to reduce the dimension of data on graphs from p to q (< p).

• It is essential to consider the inherent graph structures during dimension reduction.
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Motivating Example: G20 Economic Data

• Overlooking trade-based connections between countries during dimension reduction can obscure

significant shared trends across countries.

Figure 3: Multiple economic and growth indicators for G20 countries.
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Figure 4: First principal component results from classical PCA and the proposed method under the 2000 and

2023 G20 trading networks.
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Proposed Method: gFreqPCA

• Let X = (X1 | · · · | Xp) denote a zero-mean p-dimensional stationary graph process with respect

to the GSO S .

• We seek to construct q principal components Y1, ... ,Yq.
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• Each principal component Yi is defined as a sum of graph-filtered outputs of the signal

Yi = Hi1X1 + · · ·+ HipXp, 1 ≤ i ≤ q,

where Hij are graph filters.

• We reconstruct the graph signal as

X̂i = µi + Gi1Y1 + · · ·+ GiqYq,

where Gij are graph filters.

• We need to estimate the filters Hij and Gij .
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Optimization Problem Solution

Theorem

The graph signal X̂i , which minimizes the mean squared error
∑︁p

i=1 E [(Xi − X̂i )
H(Xi − X̂i )], is

given by

X̂i = µ̂i + Âi1X1 + · · ·+ ÂipXp, 1 ≤ i ≤ p,

where Âij = V diag({âij(λℓ)}nℓ=1)V
H ,

µ̂i = µX
i −

p∑︂
j=1

Ĝij

(︄
p∑︂

k=1

Ĥjkµ
X
k

)︄
,

Â(λℓ) = Ĝ(λℓ)Ĥ(λℓ),

Ĝ(λℓ) = (u1(λℓ)| · · · |uq(λℓ)) = (Ĥ(λℓ))
H .

Here, Ĥij = V diag({ĥij(λℓ)}nℓ=1)V
H and Ĝij = V diag({ĝij(λℓ)}nℓ=1)V

H . Moreover,

Â(λℓ) = (âij(λℓ))p×p, Ĥ(λℓ) = (ĥij(λℓ))q×p, and Ĝ(λℓ) = (ĝij(λℓ))p×q.

The (minimum mean squared) reconstruction error is obtained as
∑︁n

ℓ=1

∑︁
i>q τi (λℓ).
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Why Call It PCA in the Graph Frequency Domain?

• Obtaining the column vectors of Ĝ(λℓ) corresponds to sequentially determining vectors β(λℓ) at

each λℓ such that

max
β(λℓ)̸=0

β(λℓ)
HPX (λℓ)β(λℓ)

β(λℓ)Hβ(λℓ)

Classical PCA: max
β ̸=0

β⊤ Cov(X )β

β⊤β

- PX (λℓ) :=
(︂
pXij (λℓ)

)︂
p×p

= U(λℓ)T(λℓ)U(λℓ)
H : the spectral matrix of X at graph frequency λℓ.

- It is equal to the covariance matrix of the p-dimensional graph Fourier coefficient vector

(X̃1(λℓ), ... , X̃p(λℓ))
⊤.

• In this sense, the proposed method performs classical PCA separately at each graph frequency.
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Interpretation of Principal Components

• We can interpret each principal component at each graph frequency λℓ:

Ỹi (λℓ) = ui (λℓ)
H(X̃1(λℓ), ... , X̃p(λℓ))

⊤, ℓ = 1, ... , n.

- Low frequency: loading vector ui (λℓ) highlights which variables contribute to the coarse-scale

variation in the component.

- High frequency: loading vector ui (λℓ) highlights which variables drive fine-scale fluctuations.
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Theoretical Properties

Theorem

The following signal pairs exhibit zero graph coherence at all graph frequencies:

• principal components Yi and Yj (i ̸= j)

• principal component Yi and error signal ϵj = Xj − X̂j

• ϵj and X̂k
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Graph Spectral Envelope

• The graph spectral envelope is defined as

τ(λℓ) := max
β(λℓ)

β(λℓ)
HPX (λℓ)β(λℓ)

β(λℓ)Hβ(λℓ)
, ℓ = 1, ... , n

• It bounds GPSDs of X1, ... ,Xp, making it a useful tool for detecting common graph frequencies.
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Optimal Graph Frequency Scaling

• The optimal graph frequency scaling is defined as

u(λℓ) := argmax
β(λℓ)

β(λℓ)
HPX (λℓ)β(λℓ)

β(λℓ)Hβ(λℓ)
, ℓ = 1, ... , n

• The optimal graph frequency scaling can be used to estimate the normalized amplitudes of the

basis signals.
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Simulation Study: US Sensor Network

• For the US sensor network, we generate a 12-dimensional stationary graph signal as follows:

Xi = ci ,1Z1v
US
50 + ci ,2Z2v

US
100 + ci ,3Z3v

US
150 + δi , i = 1, ... , 11

X12 = 2δ12.

Figure 5: US sensor network.
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Graph Periodograms for the Generated Signals

Figure 6: Windowed average graph periodograms of signal Xi .
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Results for the US Sensor Network

Figure 7: Graph spectral envelope and the optimal graph frequency scalings at different frequencies.
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Factor Model in the Graph Frequency Domain

• Let X = (X1 | · · · | Xp) denote a zero-mean p-dimensional stationary graph-structured data with

respect to the GSO S .

• We introduce the following factor model on graphs using graph filters:

Xi = Bi1F1 + · · ·+ BiqFq + ϵi , 1 ≤ i ≤ p,

where Bij = V diag({bij(λℓ)}nℓ=1)V
H are graph filters.

- F = (F1 | · · · | Fq): a zero-mean, q-dimensional stationary factor.

- ϵ = (ϵ1 | · · · | ϵp): a zero-mean, p-dimensional stationary error.

- Cov(ϵi ,Fj ) = O for 1 ≤ i ≤ p, 1 ≤ j ≤ q.

- Cov(Fk ,Fm) ̸= O and Cov(ϵi , ϵj ) ̸= O for 1 ≤ k,m ≤ q and 1 ≤ i , j ≤ p.
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• We can rewrite the equation in matrix form as

PX (λℓ) = B(λℓ)PF (λℓ)B(λℓ)
H + Pϵ(λℓ), ℓ = 1, ... , n.

- PX (λℓ) = (pXij (λℓ))p×p , PF (λℓ) = (pFij (λℓ))q×q , Pϵ(λℓ) = (pϵij (λℓ))p×p

- B(λℓ) = (bij (λℓ))p×q

• Consequently, we can separate the model into smaller models for each graph frequency level ℓ.

X
∼ ℓ = B(λℓ)F∼ℓ + ϵ

∼ℓ, ℓ = 1, ... , n,

where X
∼ ℓ = (X̃ℓ1, ... , X̃ℓp)

⊤, F
∼ℓ = (F̃ℓ1, ... , F̃ℓq)

⊤, and ϵ
∼ℓ = (ϵ̃ℓ1, ... , ϵ̃ℓp)

⊤ are graph Fourier

coefficient vectors at graph frequency λℓ.

• Each model is analogous to the classical factor model or static factor model.
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Estimation of the Factors

• To estimate the factors and factor loadings, we aim to minimize the mean squared error

E[∥X
∼ ℓ − B(λℓ)F∼ℓ∥22] = tr[PX (λℓ)− B(λℓ)PF (λℓ)B(λℓ)

H ] for each ℓ.

• However, since PX (λℓ) is unknown, we need to estimate it. This can be achieved by utilizing

either the graph cross-periodogram or the windowed average graph cross-periodogram.

• We adopt the graph cross-periodogram, assuming that we have R i.i.d. copies X (1), ... ,X (R) of the

random graph process X , to develop the theoretical asymptotic results for consistent estimation.

• Denote the vectors of X
∼ ℓ, F∼ℓ, and ϵ

∼ℓ corresponding to X (r) by X
∼

(r)
ℓ , F

∼
(r)
ℓ , and ϵ

∼
(r)
ℓ , respectively,

for 1 ≤ r ≤ R, which results in X
∼

(r)
ℓ = B(λℓ)F∼

(r)
ℓ + ϵ

∼
(r)
ℓ for 1 ≤ ℓ ≤ n.
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• For X
∼

⊤
ℓ = (X

∼
(1)
ℓ | · · · | X

∼
(R)
ℓ ), F

∼
⊤
ℓ = (F

∼
(1)
ℓ | · · · | F

∼
(R)
ℓ ), and E

∼
⊤
ℓ = (ϵ

∼
(1)
ℓ | · · · | ϵ

∼
(R)
ℓ ),

X
∼

⊤
ℓ = B(λℓ)F∼

⊤
ℓ + E

∼
⊤
ℓ , ℓ = 1, ... , n.

• X
∼

⊤
ℓ X∼

∗
ℓ/R = 1

R

∑︁R
r=1 X∼

(r)
ℓ (X

∼
(r)
ℓ )H = P̂X (λℓ) estimates PX (λℓ).

• We estimate the factor loadings and latent factors using ordinary least squares (OLS).
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Determination of the Number of Factors

• In addition to the factors and factor loadings, the true number of factors, q, is also unknown.

• When we use k factors, the factors and the factor loadings are represented by F
∼

k
ℓ and Bk(λℓ),

respectively.

• Denote by (F̄
∼

k
ℓ)

⊤ = (F̄
∼

(1),k
ℓ | · · · | F̄

∼

(R),k
ℓ ) and (F̌

∼

k
ℓ)

⊤ = (F̌
∼

(1),k
ℓ | · · · | F̌

∼

(R),k
ℓ ).

• Referring to Bai and Ng (2002), the following criteria can be used to determine the number of

factors:
PC(k) = Θ(k, Ĝ k) + kg(p,R),

IC(k) = log(Θ(k, Ĝ k)) + kg(p,R),

where g(p,R) is a penalty function, Ĝ k indicates the factor estimator, and

Θ(k,F
∼

k
ℓ) =

1

pR
min

Bk (λℓ)
∥X

∼
⊤
ℓ − Bk(λℓ)(F∼

k
ℓ)

⊤∥2F .
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Assumptions

Assumption 1 (Factors and factor loadings)

(a) B(λℓ)
HB(λℓ)/p → D as p → ∞ for 1 ≤ ℓ ≤ n, where D is a q× q positive definite matrix.

(b) |bij(λℓ)| ≤ b̄(λℓ) < ∞ for 1 ≤ ℓ ≤ n.

(c) 1
R

∑︁R
r=1 F∼

(r)
ℓ (F

∼
(r)
ℓ )H

p→ PF (λℓ) as R → ∞, and PF (λℓ) is positive definite for 1 ≤ ℓ ≤ n.

(d) E[∥F
∼
(r)
ℓ ∥4] < ∞ for 1 ≤ ℓ ≤ n and 1 ≤ r ≤ R.

Assumption 2 (Moments of the error)

(a) limp→∞
1
p
∥Pϵ(λℓ)∥2F < ∞ for 1 ≤ ℓ ≤ n, where ∥·∥F denotes the Frobenius norm.

(b) E[|ϵ
∼
(r)
ℓ,i |

4] ≤ M, for a positive constant M, where 1 ≤ i ≤ p and 1 ≤ r ≤ R.

(c) E[| 1√
p

∑︁p
i=1((ϵ∼

(r)
ℓ,i )

∗ ϵ
∼
(r′)
ℓ,i − E[(ϵ

∼
(r)
ℓ,i )

∗ ϵ
∼
(r′)
ℓ,i ])|

4] ≤ M, for a positive constant M, where

1 ≤ r , r ′ ≤ R.
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Consistency

Theorem 1 (Consistency of factor estimators)

Let CpR = min{√p,
√
R} and suppose Assumption 1(b), (c), (d), and Assumption 2 hold. We

assume that k factors are estimated and q is the true number of factors, where k may satisfy

k ≤ q or k > q. Then, for each 1 ≤ ℓ ≤ n, there exists a q × k matrix Hk
ℓ with rank(Hk

ℓ) such

that

C 2
pR

(︄
1

R

R∑︂
r=1

∥F̌
∼

(r),k
ℓ − (Hk

ℓ)
⊤F

∼
(r)
ℓ ∥2

)︄
= Op(1) as p,R → ∞.

Theorem 2 (Consistency of factor number estimation)

Suppose Assumptions 1 and 2 hold. Let CpR = min{√p,
√
R} and k̂ = argmin1≤k≤K PC(k). If

g(p,R) → ∞ and C 2
pR · g(p,R) → ∞ as p,R → ∞, then limp,R→∞ Pr(k̂ = q) = 1. IC(k) also

consistently estimates the true number of factor q.
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Interpretation of Factors

• We have n individual models, each corresponding to a graph frequency λℓ:

X
∼ ℓ = B(λℓ)F∼ℓ + ϵ

∼ℓ, ℓ = 1, ... , n.

• The loading bij(λℓ) captures the relationship between the ith graph-structured variable Xi and the

jth factor Fj at the graph frequency λℓ.

• Its magnitude |bij(λℓ)| indicates how much the factor contributes at that frequency.

• Therefore, the same factor can be interpreted differently across graph frequencies:

- Low frequency: contribution to coarse-scale patterns.

- High frequency: contribution to fine-scale patterns.

• For complex-valued loadings, the argument captures the directional relationship between the

factor and the variable.
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Simulation Study

1 Finite sample performance

- Evaluate the accuracy of factor estimation and factor number selection across different values of p

and R, and across different graph structures.

2 Comparison with classical factor analysis

- Compare reconstruction performance to show the benefit of incorporating the underlying graph

structure.

3 Effect of the graph structure

- Examine how misspecified or perturbed graph structures affect factor estimation.

4 Remarks on other graph-aware methods

- Discuss differences from graph-based PCA and graph autoencoders in terms of reconstruction and

interpretability.
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Real Data Analysis

Figure 8: Real data used in the study.
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Application to Seoul Subway Line 2 Data

• Graph: 50 stations on Seoul Metropolitan Subway Line 2 → n = 50.

• Variables: boarding and alighting passenger counts over 19 hourly intervals → p = 19.

• Observations: weekly averaged data from 2019 to 2022 → R = 208.

• Preprocessing: log transformation, x ↦→ log(1 + x), followed by centering.

• GSO: graph Laplacian, S = L.
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Factor Interpretation

• We focus on the first estimated factor as an illustrative example.

• Lowest frequency: loadings have a similar direction across time intervals.
- Common coarse-scale relationship.

• Higher frequencies: morning and evening intervals show contrasting loading patterns.
- Finer-scale differences in commuting-related patterns.

• This illustrates the frequency-wise interpretation of factor loadings.

Figure 9: Loadings bmetro
i1 (λmetro

ℓ ) (i = 1, ... , 19, ℓ = 1, ... , 50) for the first factor.
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Two-Dimensional Loading Patterns

Figure 10: Two-dimensional plot of loadings for the two factors.
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Clustering

• We applied the k-means clustering algorithm with k = 2 using the first factor.

• The clusters correspond to periods before and after the outbreak of COVID-19.

Figure 11: Clustering results using the first factor in the Seoul Metropolitan Subway Line 2 data.
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Concluding Remarks

• We introduced graph signals as data observed over interconnected objects, where both the

observed values and the underlying graph structure are essential for statistical analysis.

• The irregular structure of graphs poses unique challenges, particularly in defining notions such as

frequency and stationarity.

• The graph frequency domain provides a useful framework for characterizing variation over graphs

at different scales.

• Among various statistical tasks for graph signals, we focused on dimension reduction, developing

graph frequency-domain extensions of PCA and factor model.
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Examples of Stationary Graph Processes

• Constructive example: filtered output of a white graph process, Hξ.

• Diffusion-type processes: local linear dynamics X (m+1) = (In − γ(m)S)X (m) yield stationary graph

processes.

• Finite periodic time series: graph stationarity on a directed cycle recovers weak stationarity.

• Interpretation: a common graph-spectral mechanism operates across the entire graph.
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Statistical Replicates in Spectral Estimation

• Unlike stationarity in time or space, graph stationarity does not provide natural within-realization

replication.

• Increasing the number of nodes changes the underlying graph itself.

• Nodes do not naturally act as statistical replicates.
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Factor Analysis in Multivariate Time Series: Frequency Domain Approach

We briefly overview of the work by Shumway and Stoffer (2017).

• Let Yt = (y1t , ... , ypt)
⊤ denote a zero-mean p-dimensional stationary time series.

• The dynamic factor model can be expressed as

Yt =
∞∑︂

j=−∞

AjFt−j + ξt ,

where {Aj} is a p × q filter and Ft is a q-dimensional factor.

• In the frequency domain,

fYY (ω) = A(ω)fFF (ω)A(ω)
H + fξξ(ω),

where A(ω) =
∑︁∞

t=−∞ At exp(−2πitω).
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Assumptions

• Assumption 1(a) and (b) concern the factor loadings.

- They ensure that each factor contributes meaningfully to the spectral behavior of the observed

graph-structured data, preventing trivial or degenerate contributions.

• Assumption 1(c) discusses the stability of the factors’ variance and covariance structure across

multiple realizations, which is necessary to guarantee consistency of the estimators.

• Assumption 1(d) is a technical condition that prevents factors from becoming excessively volatile

or being dominated by extreme outliers.

• Assumption 2 allows for limited dependence among the errors and requires a finite moment,

ensuring that the noise does not exhibit excessively large fluctuations.
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Weak Stationarity Level

• Weak stationarity level = ∥diag(V HΣ̂V )∥2/∥V HΣ̂V ∥F .

• The closer this measure is to 1, the more weakly stationary the graph process becomes.
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Finite Sample Performance Results for Consistency (Karate Club Network)

Table 1: Proportion of correct identification of the true factor number and MSE of rescaled estimated factors for

varying p and R in the Karate club network 3-factor model. The values in each cell represent the percentage of

correct identification, followed by the MSE in parentheses.

R = 100 R = 500 R = 1000 R = 2000

p = 100 58.8 (705.276) 61.8 (321.274) 61.8 (227.046) 61.8 (161.191)

p = 500 61.8 (111.415) 64.7 (50.740) 67.6 (35.860) 67.6 (25.459)

p = 1000 61.8 (37.164) 67.6 (16.926) 67.6 (11.963) 67.6 (8.493)

p = 2000 61.8 (0.041) 67.6 (0.018) 67.6 (0.013) 70.6 (0.009)
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Comparison With Classical Factor Analysis

Table 2: Averaged reconstruction error rates with standard deviations in parentheses over 100 simulations for the

proposed and classical factor analysis methods according to different values of p and M on the irregular graph,

given two-factor and three-factor models.

Models Dimension
Proposed

Classical
M = 10 M = 20 M = 30 M = 40

Two-factor

p = 10 0.023 (0.003) 0.020 (0.003) 0.019 (0.002) 0.019 (0.002) 0.705 (0.019)

p = 20 0.027 (0.003) 0.024 (0.003) 0.023 (0.003) 0.022 (0.002) 0.705 (0.019)

p = 30 0.028 (0.004) 0.025 (0.003) 0.024 (0.003) 0.023 (0.003) 0.705 (0.019)

p = 40 0.029 (0.004) 0.025 (0.003) 0.024 (0.003) 0.024 (0.003) 0.705 (0.019)

Three-factor

p = 10 0.008 (0.001) 0.006 (0.001) 0.006 (0.001) 0.005 (0.001) 0.881 (0.009)

p = 20 0.010 (0.001) 0.008 (0.001) 0.007 (0.001) 0.007 (0.001) 0.881 (0.008)

p = 30 0.010 (0.001) 0.008 (0.001) 0.008 (0.001) 0.007 (0.001) 0.881 (0.008)

p = 40 0.011 (0.001) 0.009 (0.001) 0.008 (0.001) 0.008 (0.001) 0.881 (0.008)
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Effects of Graph Structure

Table 3: Average RMSE of the rescaled estimated factors, with standard deviations in parentheses, over 100

simulations for p and M, under the three-factor model on the irregular graph, when the underlying graph structure

is incorrectly assumed using random graph models.

Graph model Dimension M = 10 M = 20 M = 30 M = 40

True

p = 10 942.0 (149.7) 901.3 (149.4) 890.3 (147.6) 884.5 (146.9)

p = 20 891.9 (136.9) 906.8 (139.8) 916.9 (142.7) 921.2 (144.1)

p = 30 906.0 (136.7) 931.4 (140.5) 945.0 (144.2) 950.8 (145.8)

p = 40 918.6 (137.7) 947.6 (141.7) 962.6 (145.7) 969.0 (147.6)

Erdős–Rényi

p = 10 1225.5 (197.1) 1157.2 (183.0) 1126.2 (180.0) 1112.0 (174.4)

p = 20 1049.2 (167.3) 1048.1 (163.6) 1042.0 (162.8) 1039.7 (161.0)

p = 30 1005.3 (158.9) 1021.5 (157.5) 1022.4 (157.2) 1023.8 (156.6)

p = 40 988.8 (156.1) 1012.9 (155.5) 1017.1 (156.2) 1019.8 (155.5)

Barabási–Albert

p = 10 1267.8 (222.0) 1206.8 (204.3) 1180.4 (198.3) 1169.6 (199.6)

p = 20 1094.5 (190.3) 1096.5 (183.6) 1092.7 (179.1) 1092.7 (180.9)

p = 30 1051.8 (182.2) 1072.3 (178.2) 1075.3 (175.0) 1078.9 (177.4)

p = 40 1035.6 (178.3) 1064.9 (175.7) 1070.9 (173.3) 1075.6 (176.0)

Watts–Strogatz

p = 10 1203.2 (207.7) 1141.3 (196.2) 1115.0 (192.2) 1104.4 (186.1)

p = 20 1034.8 (176.4) 1036.1 (174.4) 1029.6 (172.2) 1030.4 (169.4)

p = 30 994.4 (168.6) 1013.4 (168.0) 1013.2 (165.7) 1017.1 (163.3)

p = 40 979.0 (165.2) 1005.5 (165.4) 1008.4 (163.7) 1014.3 (162.1)
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Seoul Metro Data: Results Visualization

• Baed on a scree plot, we chose the factor number as 2.

Figure 12: Signals for passenger numbers in selected time intervals and the two factor estimates for the second

week of 2019.

2026 NUU – SSU G-LAMP International Workshop 53 / 53



Seoul Metro Data: Factor 2

• The second factor is associated with signals in several time intervals (before 6 a.m., from 8 a.m.

to 9 a.m., from 9 p.m. to 10 p.m., and after 11 p.m.) at the lowest graph frequency, showing

opposing directions as reflected by the signs of the loadings.

Figure 13: Loadings bmetro
i2 (λmetro

ℓ ) (i = 1, ... , 19, ℓ = 1, ... , 50) for the second factor.
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