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Every harmonic function, i.e. a solution of the Laplace equation

Au=0

satisfies the following mean value property.

Let Q be a domain, r > 0 and w be a harmonic function. Then, for
each x € Q with B,(x) CC 2, we have

u(z) = ]lB R




Let u be a harmonic function in a bounded domain 2. For each
xo € €2, assume that X is randomly chosen according to the
uniform distribution in B,(xg). Then, we see that

B [u(X)] = f u(y)dy = u(xo).

Br(z0)

Based on the above observation, we can construct a stochastic
process for the Laplacian with proper boundary data.
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The p-Laplacian is defined by

Apu = div(|DulP~2Du).
If wis a C2-function with Du # 0, we can also write

Ay = [DulP*(Au+ (p — 2)AY)
(D?*uDu, Du) )

= |DulP72( A -2
Dup-2(But (-2 P

=: |Du|p_2AéVu.

We call Aév the normalized p-Laplacian.
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Let Q C R™ and w be a solution of

N .
Apu—O in Q

for 2 < p < 0.

Then, for small » > 0, one can observe the following mean value
characterization (by Manfredi-Parviainen-Rossi)

u(z) = g( sup u + inf u) + 7 u(y)dy + o(r?), (2.1)
B (z)

2\ B.(z) Brl@
with a = p+;121 and 5 = ]%% for any x with B, (z) CC €.
o 5 = = == DA



It is natural to consider the following dynamic programming
principle (DPP)

ue(z) = g( sup ue + inf ug) +p ue(y)dy (2.2)
2\ B.(x) Be(x) Be ()

for small € > 0.

» Q) How can we construct a stochastic process associated with
(2.2)?
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Peres, Schramm, Sheffield and Wilson [PSSW09] presented
stochastic interpretations of AY by using "tug-of-war game’ with
the following DPP

N

ue(z) =

sup u. + inf w )
(BE(E) © Ba)

1%} V1

u]
]

1
n
it
u
S
el
Q




A stochastic game related (2.2) (cf. Peres-Sheffield [PS08]):

» 'Tug-of-war’ with a probability «.
» 'Random walk’ with a probability 5.

us(z0) = SEP %}If ]Efé?,su [ue (z7)]-
1
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There are several issues related to game value functions.

» How can we deal with game values?

- The DPP corresponding to the mean value characterization of
the model equation

» Which properties do value functions have?

- Existence and uniqueness, regularity, long-time behaviors (for
time-dependent games)...

» How is a stochastic game related to its model equation?

- Convergence of the value function to the solution of the model
equation when ¢ is shrinking
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For existence:

» Constructing a supermartingale and applying the optional
stopping theorem

For uniqueness:

» Using the maximum principle of the value function
(For the time-dependent case, it is enough to use
mathematical induction)
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For regularity:

» Interior case
e Set g(x,2) = ue(z) — us(2) and consider the 2n-dimensional
DPP which g satisfies
e Construct a proper auxiliary function f
e Estimate sup(g — f) by e-terms

» Boundary case
e Estimate the stopping time of the game with a starting point
near the boundary

(Regularity conditions for the domain and the boundary data
are needed)
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For convergence of the value function:

» We can construct a convergent sequence of value functions by
using an Arzela-Ascoli criterion provided proper regularity
results for the value function

» The notion of viscosity solution is necessary to verify that the
limit function solves the model problem
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We also studied a tug-of-war game related to the problem

N _ .
{ Afu=0 in €, (3.3)

(B,Du) +yu=F on 09

for 2 < p < oo in [Han25b].

For the game value functions related to (3.3), we obtained

» The existence and uniqueness
» The interior and boundary regularity estimates

» Convergence to the solution of the model equation
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For a game related to (3.3), we considered the following DPP

u(z) = (1 —7ys:(z))
a
X< —| sup u+ inf u)—l—l—a]l d}
{2 (Bsd; (r)  B.q (@ ( ) E’B“’(w)ﬂﬂ( v)dy
+ vs:(2)G(x),
where d.(z) = min {3, £ dist(z,0Q)} and

B |Bn—1|
=) = B

e(1 —d(x)?) 2.
1,de (:c)l
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For the boundary-value problem

Ny s
{Apu cu =0 in €, (3.4)

u=1F on 0f)

with 2 < p < 0o, we also investigated its game-theoretic approach
in [Han25a].

For the game value functions related to (3.4), we obtained

» The existence and uniqueness
» The interior and boundary regularity estimates

» Convergence to the solution of the model equation
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We considered the DPP

ue(z) = (1 — 752){g< sup ue + inf ua> +5 ug(y)dy}.
2 Be( Be(x)

Be(z) < (z)
Under the game setting, the value function is defined by

ue (z0) = sup nfEg g, [(1—7e") Tue(ar)].

Tr
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In [HL25], we studied the consistency of the following tug-of-war
operators

Ly, cu(x) = @ inf  w(Z;)+ sup  u(Zj)—2u(z)
’ 2¢ | ziepdn (z) Z;€BX (z)

B u(Z;) — u(x)
+ Xy, Z 2

card(Bem (z)) e B (@) €
associated with the weighted p-Laplace operator

¢ 2| Dul*Pdiv(¢?| Du|P~2Du)

(cf. [ABP24)).
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We have considered a tug-of-war game associated with the
following problem

— AN ; —
{ up = Ap'u in Qp = Q x (0,7), (3.5)

u=1F on 0pQr
for 1 < p < oo in [Han20, Han22].

For the game value functions related to (3.5), we obtained

» The existence and uniqueness
» The interior and boundary regularity estimates
» Long-time behavior

» Convergence to the solution of the model equation
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For an n x n-matrix M, let A\1,...,\, be the eigenvalues of M
with A <o < Ay

One can observe that

N(M) = inf M
j (M) di£?s>=j|§l|3< v, 0)

and
u(z + ev) + u(z — ev)

2

~ e2(D*u(z)v,v).

» Blanc and Rossi [BR19] studied game-theoretic approaches for
the PDE \;(D%u) = 0, where j = 1,...,n (cf. [BCMR23]).
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We give a game-theoretic approach for the following fully nonlinear
PDE

iécukdlﬂu)zzo, (3.6)
=1

where a1, ..., > 0, min(aq, a,) > 0, and 2?21 aj =1 and
A1 < --- <\, are the eigenvalues of the Hessian (cf.
[FV20, FG22)).

u]
]

1
n
it
u
S
el
Q



We take into account the following DPP

- ) us(z + €v) + us(z — ev)
us(z) = Zaj din}?sf):j s1€115) £ 5 J (3.7)
J=1 o1

which is associated with (3.6).
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» Ferrari and Galise [FG22] derived Holder regularity for solutions

to (3.6) with the exponent v € (0,6] for 6 =1 — (\/C%IJF%\/Z_”)

e 0 <4 <3, and the equality only holds when oy = .

» Blanc, H., Parviainen and Ruosteenoja [BHPR23] derived
Holder regularity for solutions to (3.7) and (3.6) with the
exponent v € (0,6) for § = %

e It is crucial to investigate (3.7) for the case a1 = a,, = 5 (i.e.
a2 :..-:an_l :O)
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Thank you for your attention!
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